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The direction of valence is defined as the direction from the atomic nucleus to the center 
of gravity of the hybrid density. Complex mixing coefficients of the orbitals of pure angular 
momentum are introduced in the hybrid. This allows a considerable extension of the hybridiza- 
tion concept with regard to valence angles and equivalence restrictions. General expressions 
for the direction consincs of valence and for bond angles are given, and applications are made 
to several molecules with bond angles of 90 degrees or less. 

Die Valenzrichtung eines Hybrids wird als die Richtung yore Atomkern zum Schwerpunkt 
der Elektronendichte difiniert. I)abei werden anch komplexe Koeffizienten fiir die atomaren 
Zustandsfunktionen zugelassen, wodurch eine erhebliche Erweiterung des Hybridisierungs- 
konzeptes im Hinblick auf Valenzwinkcl and Nebenbedingungen infolge yon ~_quivalenz mSg- 
lich ist. Allgemeine Ausdriicke fiir die Richtungskosinus und Bindungswinkel werden angege- 
ben, ebenso einige Beispiele Ffir Molekiile mit Winkeln unter 90 ~ 

La direction de valence est ddfinie comme la direction joignant le noyau atomique au 
centre de gravit~ de la densit6 de l'hybride. Des coefficients de mdlangc complexes sont intro- 
duits dans l'hybride pour les orbitales de moment angulaire put. Ceci permet une extension 
consid6rable du concept d'hybridatior~ en ce qui concerne les angles de valence et les restric- 
tions d'dquivalence. Des expressions g6n6rales pour les cosinus directeurs des directions de 
valence et pour les angles de liaison sont obtenues et appliqu6es & plusieurs mol6cules dont les 
angles de liaison sont au plus de 90 ~ 

Introduction 

Concepts  such as d i rec ted  valence and  valence angle are ex t r eme ly  i m p o r t a n t  
and  real  ent i t ies  to  the  chemis t  and  i t  has been and  sti l l  is an  i m p o r t a n t  t a sk  for 
the  q u a n t u m  chemist  to  furnish theore t ica l  models  f rom which such proper t ies  
can be ca lcu la ted  or qua l i t a t ive ly  unders tood .  

Quan tum mechanica l  appl ica t ions  to  problems  of  molecular  s t ruc ture  genera l ly  
employs  s ta tes  of  the  t o t a l  sys tem cons t ruc ted  f rom one-electron s ta tes  of  the  
pa r t i c ipa t ing  a toms.  This  holds for the  molecular  o rb i ta l  as well as the  valence 
bond  approach  and  the i r  s imples t  extensions.  A tomic  orbi ta ls  can be formed in a 
va r i e t y  of  ways.  The simple idea  of mixing  a tomic  funct ions  of  different  symmet r i e s  
to  form so called hybr ids  [ i ,  2, 3] has been found to be v e r y  useful  for descr ibing 
symmet r i e s  in molecular  b inding.  The hybr id i za t ion  procedure  has been ex t r eme ly  
va luable  in giving a simple exp lana t ion  of  the  valence concept  and  a first  crude 
descr ip t ion  of  the  geome t ry  of inorganic  as well as organic  compounds .  E v e n  ff the  
hybr ids  are no t  essential  or even necessary for a molecular  o rb i t a l  ca lcula t ion  
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yielding bond distances and bond angles, they still are so useful for the chemist in 
getting a rough idea of the electronic structure of the bonding situation tha t  the 
hybridization idea warrants further studies. 

Preliminaries 

Starting with a set of atomic orbitals being eigenfunctions of angular momen- 
tum, proper linear combinations can be formed. These constitute the hybrid 
orbitals (hybrids), each with a largest extension in a specified direction. From one 
s and three p orbitals (Px; Pv; Pz) four linearly independent hybrids, hi, h2, h 3 and 
h a , can be formed. 

4 

i=l 
In  the coefficient matr ix  

g21 a22 a23 a24 
a = ( 2 )  

a31 a82 aaa asa 

aal a42 a4a aaa 

each row corresponds to a hybrid. The set of atomic orbitals we s tar t  from are 
orthonormal, and we can retain this proper ty  for the hybrids ff a is chosen to be 
a uni tary matrix,  i.e. 

a f  a = a a  t = 1 

o r  
4 4 

al~ a/T ----- ~ a~l a~ = (Skl. (3) 
iffil i ~ l  

I t  is easily shown tha t  for a real matr ix  a (orthogonal) the angle 0~ between the 
directions of the hybrids hk and h~ fulfiils the relation 

a l l  all  
~ k l  = COS O k l  = - -  [( t  -- a~l ) ( i  -- a~l )]x/, " (4) 

In  applications, ak~ have been restricted to real values and the phase of h~ fixed 
so tha t  a~l _ 0. From Eq. (4) follows then tha t  y~z =< 0 which shows tha t  in this 
way valence angles less than 90 degrees can not be described. This means tha t  
molecules like cyelopropane and its hetero-analogues, tricyelobutane derivatives, 
and phosphorus as t)4 can not be given a satisfactory description in terms of 
hybrids. Other limitations are tha t  equivalency is restricted to the case when all 
a ~  are equal to ~ which indicates tha t  four equivalent hybrids can be constructed 
only for the case of tetrahedral  valence angles. (For planar systems when one ~z- 
orbital is separated we have three equivalent hybrids only for the pure trigonal 
case.) Moreover, when three hybrids are determined as to their directions, the 
direction of the fourth hybrid follows from the orthogonality (unitarity) conditions. 

Serious a t tempts  have been made to override the shortcomings connected with 
the angular conditions expressed in Eq. (4). Strongly related to this are the ideas 
about bent bonds discussed by  several authors [2, 4]*. The very natural  generali- 

* I t  has been pointed ou~ by W. W~.LT~TER, Jr.: 5. Amer. chem. Soc. 75, 4224 (1953) 
(Footnote 38) that the original calculations by C. A. CovI,so~r, and W. E. 1Y[or~'IT: Phil. Mag. 
40, I (1949), on Cyclopropane where they found it necessary to invoke bent bonds, were 
incorrect. 
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zation of allowing for complex matrix elements a/~ has been suggested by L6w])n~ 
[5] but  no analysis has been made of the possibilities of such a generalization. 

In  the next  section we introduce a general unitary transformation matrix and 
a new definition of valence direction, which will prove to be identical with the 
already accepted definition for the case of real hybrids. Applications are made to 
tricyclobutane, cyclopropane and tricyclooctane (eubane). 

Derivation o/ Basic Formulae 

For real hybridization matrix (all a~  real) the hybrids have the characteristics 
of vectors in three dimensional Euclidean space. This means that  the function 
space and the space of molecular geometry in a certain sense arc identical. For 
complex functions this is not so and we have to redefine what we mean with an 
angle between hybrids. 

Since geometry of molecules are based on real quantities we study the hybrid 
densities I h 12 rather than the hybrids themselves. To each hybrid we associate a 
direction defined by the vector from the origin (the atomic nucleus) through the 
center of gravity of the density. 

Our basis functions are of s and p type and can be written as : 

~52 = Pz  = / ( r )  x ,  

~1 = s = s (r) ,  ~b3 = Pu = / ( r )  Y ,  (5) 

~4  = P~ = / ( r ) - - ~ .  
r 

The hybrids are expressed as: 

)[ _x .~aka y_ _t_al~4zJ h~= a~l s + /(r a~2 r r 

in which the a~ 's  are complex numbers. 
The direction cosines of h~ are then defined to be 

~"~" = [ Z (h,~ I v I h~p] ~/,' ,u = x ,  y ,  z .  (6) 
v~x, y, z 

In the evaluation of the integrals in expression (6) we observe tha t  only mixed 
terms of sp* type give nonvanishing contributions and that  furthermore the 

directions cosines y~g are independent of the radial integrals -~ s(r)]*(r)rSdr. 
0 

Expressed in the coefficients a~, Eq. (6) will read 

~kt,= [v~__42 (l~e a,a a .) ,  IX/, /~ : x , y , z . *  (7) 

The cosine for the valence angle 0~ defined by the hybrids h~ and h~ is 

7k~ = cos 0~z = ~ ~ ,  ~ ,  = 

~--- [~] (Re{a,~ a,~*~,})' �9 '~(R,e{a,, a$})2]~1, 

10 

(s) 

* We are using Greek indices to run interehangably over 2, 3, 4 or x, y, z respectively. 

Theore t .  china. Ac ta  (Berl . )  Vol. 9 



136 O. ~ E ~ s s o ~  and u 0 ~ :  

I f  the a~i's are real, applications of the proper orthogonality relations (3) will 
reduce expression (8) to the simple form given in Eq. (4). This shows that  the 
treatment given here encompasses the conventional hybridization ideas. 

We can prove that  all four valences cannot occur in the same half space. If, 
for instance, all the hybrids were pointing into the half space defined by all points 
having positive x-coordinates (x > 0), then all direction cosines y~x would be 
positive. However, from Eq. (7) we find 

where 
4 

~ = [ Z  (Re {a~l a~})~] 1/~ > 0  

and when we sum over k we obtain 
4 4 

Z r k x  ~ = Re  ( Z  a~la*~) = 0 .  
k = l  k = l  

The right hand member vanishes since it just is the real part of one of the ortho- 
gonality relations (3). This must then lead to the conclusion that  all the ~ can 
not have the same sign i.e. all four valencies can not occur in the same half space 
defined by the coordinate axis. 

I f  we were given the expansion coefficients ai~ we could calculate the corre- 
sponding valence angles. Another question is how the complex matrix elements 
can be inferred from known molecular geometry. 

A general unitary matrix of order 4 by 4 can be expressed by 16 real parameters. 
I f  we write the matrix elements as at~ = ri~ exp (i~i~) we could in particular pick 
as independent quantities 6 absolute values, r, and l0 arguments, ~. 

I f  we return to the Euclidian space in which the four valences are located, we 
find that  their directions are completely determined by 8 direction cosines, two 
for each of the four directions. This can also be expressed so that 5 valence angles 
give the mutual positions of the four valence directions in space and this system 
is fixed in space by giving three additional angles, e.g. two of which determine the 
direction of one of the valences and the third the rotation about this axis. 

Superficially we then have at our disposal twice as many variables as we can 
specify from a given geometry. However, we can always multiply each hybrid 
orbital by an arbitrary phase factor without changing the hybrid density or 
anything else of physical significance nor will this effect the unitarity of the trans- 
formation matrix. This means that  we can always choose the first column of a 
real and positive. 

For the direction cosine of valence ]c with axis # we obtain 
r~ cos ~ k~ 

~kz= 4 
[Z (r~v cos ~ kv)2]1/2 

which is independent of rkl. For ykl, the cosine of the angle between valences k 
and i we then have 

These basic equations are used in the next section to derive the hybridization 
matrix a for some typical cases which could not be properly described by the 
conventional real hybrids. 
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Examples: I f  we restrict the t reatment  to the case of four equivalent hybrids 
we can choose all rkl = 5. The remaining independent matrix elements are then 
possible to determine from the unitari ty conditions and the valence angles or 
rather  the direction cosines, once a coordinate system is chosen. 

For valence angles greater than  90 degrees it is always possible to have real 
mixing coefficients but  for non-equivalent hybrids the present idea may  also in 
this case lead to useful generalizations. 

1. Cyclopropane (CH~CH~CH~). I f  the bonds from each carbon a tom to the 
t ] 

hydrogen atoms are placed in the xy plane symmetrically about the x axis with a 

X 
Fig. I 

valence angle of 120 degrees, and the bonds to the other two carbon atoms in the 
ring are in the xz plane, forming a valence angle of 60 degrees, (Fig. i), the hybrids 
are given by  the following matr ix:  

1 

1 V ,0 

5 , - - 5 "  ( ~  -}- i ~ ) ,  O, V~-" 1 

2. Tricyclooctane (cubane). (CsHs). The valences of carbon in this molecule are 
described by  the matr ix:  

2 '  2 '  

l 2 

2 ' 2V~' 
i ] 

2 ~ 

t 

2 '  

2V2' 

2V2' 

10" 

0,  0 

- 7 ~ " - ~ + i  , - ~ .  + i  



t38 O. M-k~TENSSO~ and Y. 0:rm~: 

Fig. 2 

Z 

i /  
, H  

h~ X 

Applying the formulae for the direction cosines it is easily checked that  the 
bond to the hydrogen atom is directed along the x axis, which is opposite to the 
direction of the diagonal of the cube, the edges of which are formed by the three 
remaining valences. The direction of the second hybrid, h~, lies in the xz plane 
(see Fig. 2). 

3. Tricyclobutane (C4tt4) and Phosphorus (P4). In these molecules the carbon 
and phosphorus atoms respectively form a regular tetrahedron, the difference 
being that  in t)4 the hybrid h 1 is occupied by a lone pair and does not take part  in 
bond formation. The first hybrid is directed along the x axis and the rest form a 
corner in the tetrahedron with h 2 in the xz plane (Fig. 3). 

v~ o o ~ '  T '  ' 

2 '  2V~' 0 ,  �9 + i 

2 '  2V~' V-~ " + i , - ~ �9 + i 

-~' - r ~ '  - ~ " + ~ ' v-~ +~ 

u 

hA 
Fig. 3 

hi" X 
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d. Xenozb Tetra]luoride X e F  4. The uni ta ry  complex matr ix  

t I . t 
0 

I I . I 
$, 0 

2 '  2 V~' 

l t . l 
2 '  2 ~ ,  O, 

1 I . t -~-, --~-,, o, - ~  

expresses four valences with valence angles of  90 degrees, all in the yz plane. This 
could be used for a molecule like XeF4, which is square and planar  with the xenon 
a tom in the center. 

Comment 

Many  interesting problems arise in connection with the generalizations of  the 
hybridizat ion concepts suggested here, part icular ly the problem of equivalency 
where we th ink  t h a t  fur ther  generalizations can be made. We hope to report  on 
these results in a for thcoming paper.  
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